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Abstract: Artificial neural networks (ANNs) have been successfully applied to solve partial
differential equations (PDEs). Conservation laws are PDEs that arise in a variety of fields such
as fluid dynamics, traffic modeling, and fluid flow through porous media. We propose the new
ANN-Flux method to solve the Riemann problem for nonlinear scalar conservation laws. The
ANN-Flux method is designed for complex fluxes, which are costly to evaluate, differentiate, or
invert. Based on the entropic solution form, the method applies two ANNSs to approximate the
flux F and its derivative inverse G = [F’]~! for the shock and the rarefaction cases. The F is
approximated by a multilayer perceptron (MLP) Nr. Automatic differentiation is then applied
to approximate the derivative F' ~ N} and train a new MLP Ng ~ G. Once the ANNs are
trained, they can be applied to solve any Riemann problem in the flux convexity region. The
results for a Fourth-Order Polynomial Flux equation are shown as numerical experiments to
validate the proposed approach. The MLP architecture is chosen after several numerical trials
in approximating the flux F' for each test case. The results show that the ANN-Flux produced
precise results when compared with analytical (when available) or numerical alternatives.
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1 Introduction

Artificial neural networks (ANNSs, [4]) have been successfully applied to solve partial differential
equations, mainly after the emergence of the physics-informed neural networks (PINNs, [7]).
Applications to nonlinear conservation laws are also notable, including PINNs for high-speed
flows ([9]), conservative PINNs (cPINNs, [5]), and weak PINNs (wPINNs, [8]). In this work,
we propose the new ANN-Flux method to solve the Riemann problem for the nonlinear scalar
conservation law

w+ (F(u)e =0, z,t € Rx (0,ty], (1)
u(x,0) =ur, x € R_, u(z,0) =upr, v € Ry, (2)

with given left and right states uy,ur € R, and flux function F' : R — R.

It is a well-known fact that the problem (1) with a convex flux function has an entropic
solution that is either a shock or a rarefaction wave depending on the left and right states. The
exact solution of the Riemann problem for the shock case (up < ur) is

uy ,x <to,
ugr ,x > to,

u(z, t) = { (3)
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and for the rarefaction wave case (uy, < upr) is

Uy, , T < tF'(uL),
u(z,t) =< Gx/t) ,tF'(up) <z < tF'(ur), (4)
UR , T > tF'(uR),

where G(u) = [F']7!(u), and o is the shock speed satisfying the Rankine-Hugoniot condition

_ FPlup)—F(ug)
U —UR '
The main objective of this work is to test the ANN-flux method for cases where there are two

inflection points, dealing with the difficulties arising from changes in concavity and non global
convexity of the selected flux.

g

2 ANN-Flux Method

The ANN-Flux method is designed for complicated fluxes, which are costly to evaluate, differ-
entiate, or invert. Given that multilayer perceptrons (MLPs, [4]) neural networks are universal
approximators, the ANN-Flux consists of approximating the flux F' by a MLP § = N (u) clas-
sically trained to minimize the mean squared error (MSE) loss ¢ = ¢ (g(5>,y(5)) with a generated
data set {(u(s),y(s) =F (u(s))) }Zif, where ng r is a given number of samples. For the simple
shock wave case, the solution is then approximated by substituting F' by N in (3). But, for a
rarefaction case, a second MLP neural network N learns to approximate [N7.]~! ~ [F']~!. The
evaluation of N, can be efficiently computed by automatic differentiation (AD, [2]). The Ng
is trained using a directly generated data set {(5§(8), u(s)) }:;G,
of samples. The data {u L <ul <u R}:;lc is randomly generated, forward through Ng to give
) = Np (u(s)), and then backward propagated to compute §5) = N7, (u(s)). The training
of 4®) = Ng (5;&(5)) is obtained by minimizing the MSE loss ¢ = ¢ (ﬂ(s),u(s)) on the neural
network weights and biases. The solution of the rarefaction case is then given by substituting
F' by N} and G by Mg in (4). In summary, the ANN-Flux solution of the conservation law is
given by (left: shock; right:rarefaction)

where ng ¢ is a given number

U = <to Uy, ,33<t./\/';;(uL),
u(z,t) = { Lo ’ u(z,t) =< Na(z/t) tNp(ur) <z < tNp(ur), (5)
ugr ,x > to, ,
UR ;x> tNL(ug),
where o = %ﬁf(m is Rankine-Hugoniot shock speed .
3 Results

For all the following results the neural networks have been trained with the Adam optimizer, the
learning rate I, = 1073 and the tolerance of 7 = 5- 1077 for the loss function, with hyperbolic
tangent and the identity as activation functions at hidden and output layers, respectively.

Since the inverse of the flux derivative G(u) is used to determine the solution in the rar-
efaction case, it is necessary that F’(u) be monotonic to guarantee the existence of its inverse.
Therefore, the neural network must be trained within the monotonic regions of F’(u), so that
each individual Ng behaves as a function.

Choosing the appropriate architecture for an MLP is done through numerical analysis. In
this procedure, several architectures are tested, varying the number of hidden layers (np) and
neurons (n,), the network is trained and it is evaluated whether the stopping criterion, based
on error or tolerance, is met, as well as the number of epochs required to reach this limit. At
the end of this evaluation stage, the most efficient architecture is selected, that is, the one for
which the stopping condition is satisfied using the fewest epochs.



3.1 Fourth-Order Polynomial Flux

This example was inspired by the analysis presented in [3], which details the process of construct-
ing the Riemann solution for a nonlinear conservation laws with nonconvex flux, a fourth-order
polynomial flux given by

F(u) = u + au® + bu® + cu, (6)

with coefficients @ = 3, b = —35, and ¢ = —250, and defined in the interval u € [—7,7|. The
methodology developed in [3] was then expanded and applied to solve the isothermal Van der
Waals gas equations.

The flux F'(u) exhibits two changes of concavity, which implies the existence of three distinct
monotonic regions in its derivative F”(u). Thus, three distinct neural networks Ng are needed
to represent the inverse of the derivative of the flux. During the training of the MLPs, a
rescaling of both inputs and outputs was required, primarily because the large magnitudes of
the physical variables involved. This normalization ensures a faster training and a more precise
approximation.

To choose the ANN architecture, we performed numerical tests , from these we concluded
that an MLP of architecture 1—80x5—1 (one input, 80 units per 5 hidden layer, and one output)
is adequate to approximate the flux in Table 1 with a Lg-error of 6.8 x 10™4 in fewer epochs. For
the N the architecture chosen for N2, Né and J\/C%v respectively were 1 —30x5—1,1—-30x5—1
and 1 —40 x 4 — 1 found in Table 2 3 4. Figure 1 shows the comparison between ANN-Flux and
the numerical solutions for all Riemann problem cases seen in [3] for the polynomial flux.

Table 1: Choosing the architecture for the neural network Np for the polynomial flux. The
results are n./e, where n. is the number of epochs and € is the relative error using Lo norm.

50 83700/1.2E—3 75713/7.7E—4 81277/8.0E—4 81020/2.8E—3

60 | 56882/8.7TE—4 60617/7.6E—4 58563/9.1E—4 80218/1.1E—3
70 | 58493/7.8E—4 63346/1.6E—3 67129/8.1E—4 72079/9.1E—4
80 | 50023/7.5E—4 51815/8.6E—4 41072/6.8E—4 76804/8.8E—4

Table 2: Choosing the architecture for the neural network /\/’8. The results are n./e, where ne

is the number of epochs and ¢ is the loss.

np\np, ‘ 2 3 4 5
30 82382/4.8E—7 48532/4.6E—7 34324/4.5E—7 24820/4.3E-7
40 72844/4.6E—7 52391/4.8E—7 25862/4.9E—7 40042/4.4E—7
50 67954/4.TE—7 37149/4.4E—7 28445/4.6E—7 28301/4.8E—7
60 67208/4.1E—7 31674/4.6E—7 28915/4.3E—7 26277/4.5E—T

Table 3: Choosing the architecture for the neural network /\/'(1; The results are n./e, where ne

is the number of epochs and ¢ is the loss.

np\np, ‘ 2 3 4 5
30 99999/9.5E—6 99999/7.5E—6 50238/4.4E—7 40158/4.7TE-7
40 99999/9.6E—6 99999/3.5E—6 54915/4.0E—7 43942/4.5E—7
50 99999/9.2E—6 84913/1.8E—6 40322/4.3E—7 50176/4.8E—7
60 99999/1.2E—5 77503/4.4E—7 50115/4.4E—7 82491/9.1E—5




Table 4: Choosing the architecture for the neural network Nc% The results are n./e, where ne
is the number of epochs and ¢ is the loss.

nn\nh ‘ 2 3 4 5

30 | 41588/4.8E—7 23941/4.7E—7 22111/4.7TE—7 18535/4.3E—7
40 | 44493/4.9E—7 20589/4.6E—7 13464/4.7E—7 23035/4.8E—7
50 | 42597/4.6E—7 27591/4.6E—7 21490/4.2E—7 18197/4.7TE—7
60 | 53418/4.4E—7 19836/4.3E—7 18275/4.8E—7 28638/4.8E—7

Comparisons between the ANN-Flux solution and the reference numerical solution are shown
in Figure 1. For all six cases shown, the relative error between the ANN-Flux solution and the
reference numerical solution remained consistently of order 1074,
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Figure 1: ANN-Flux (@) versus numerical solutions (u) of the Polynomial Flux Equation. Source:

From Author.



4 Concluding Remarks

The results demonstrate that the ANN-Flux method is effective in approximating the flux func-
tion F and its derivative inverse G = [F']~! in the fourth-order polynomial flux equation, This
approach shows great promise for solving nonlinear conservation laws where approximating a
nonconvex flux functions may be computationally expensive or infeasible. Once the required
ANNSs are trained, the ANN-Flux method provides precise solution structures, including shocks,
rarefactions, and combinations thereof. Future directions include extending the method to sys-
tems of conservation laws and developing adaptive strategies for training the neural networks
on-the-fly during simulation.
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