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ABSTRACT

Convex optimization plays a central role in applied mathematics and computational scien-
ces, providing the foundation for efficient algorithms in areas such as control, data science, and
operations research. Within this field, methods that exploit the structure of strong conve-
xity, that is, the presence of curvature in the objective function, can achieve faster convergence
and improved numerical behavior. Motivated by this observation, this work introduces the
Quadratic Cuts for Strongly Convex Optimization (QCSC) algorithm, a novel appro-
ach for solving deterministic strongly convex optimization problems through the construction of
piecewise quadratic lower approximations of the objective function.

In the classical Kelley’s method, each iteration builds a polyhedral approximation of the
objective based on linear cuts of the form

ℓf̃ (x;xk) = f̃(xk) + ⟨f̃ ′(xk), x− xk⟩, (1)

which underestimate any convex function. QCSC, however, incorporates curvature by adding a
quadratic term, with the strong convexity ensuring that

qf̃ (x;xk) = f̃(xk) + ⟨f̃ ′(xk), x− xk⟩+
µ

2
∥x− xk∥2 ≤ f̃(x), (2)

and producing a tighter and smoother model of the objective function and leading to faster
convergence in practice.

We consider the strongly convex minimization problem

φ∗ = min
x∈X

f̃(x), (3)

where f̃ : Rn → R ∪ {+∞} is a proper, lower semicontinuous, µ-strongly convex function, and
X ⊂ Rn is a nonempty compact convex set.

At each iteration k, QCSC defines the model Γk(x) as the maximum of all past quadratic
cuts,

Γk(x) = max
j<k

qf̃ (x;xj), (4)

and determines the next iterate xk as the minimizer of Γk(x) over X. The best function value
among the visited points defines yk, and the optimality gap tk = f̃(yk) − Γk(xk) is monitored
until it falls below a given tolerance ε̄.
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A theoretical analysis establishes the validity of the quadratic cuts and provides convergence
and complexity guarantees, showing similarities with proximal bundle-type methods while ke-
eping a simpler structure. A composite reformulation further clarifies the role of the global
quadratic term. Also, numerical experiments on strongly convex problems indicate promising
performance, confirming the practical viability of the deterministic approach and motivating its
extension to stochastic settings.

Building upon this deterministic foundation, a stochastic generalization called SQDP (Sto-
chastic Quadratic Dynamic Programming) is proposed to solve multistage stochastic op-
timization problems of the form

inf
x1,...,xT

Eξ2,...,ξT

[
T∑
t=1

ft(xt(ξ1, ξ2, . . . , ξt), xt−1(ξ1, ξ2, . . . , ξt−1), ξt)

]
xt(ξ1, ξ2, . . . , ξt) ∈ Xt(xt−1(ξ1, ξ2, . . . , ξt−1), ξt) a.s., t = 1, . . . , T,

(5)

where x0 is given, ξ1 is deterministic, (ξt)
T
t=2 is a stochastic process, Xt (xt−1, ξt) = {xt ∈ Rn :

xt ∈ Xt, gt (xt, xt−1, ξt) ≤ 0, Atxt + Btxt−1 = bt}, t = 1, . . . , T , and the function ft (·, ·, ξtj) is
strongly convex on Xt×Xt−1. Classical SDDP (Stochastic Dual Dynamic Programming) appro-
ximates these recourse functions using affine cuts, but such cuts may poorly capture curvature
in high-curvature or ill-conditioned problems. SQDP overcomes this limitation by constructing
piecewise quadratic lower approximations of the recourse functions, obtained by adding a
stage-dependent quadratic term to each backward-pass cut.

This modification preserves the stage-wise decomposition structure of SDDP while exploiting
strong convexity to generate tighter value function approximations. As a result, each backward
pass produces more informative cuts, and the forward simulation benefits from more accurate de-
cision rules. From an algorithmic viewpoint, SQDP follows the same forward–backward scheme
as SDDP: the forward pass samples scenarios and produces trial points, and the backward pass
updates the quadratic cut models for each stage. The main difference basically lies entirely in
the construction and accumulation of quadratic cuts.

Numerical experiments demonstrate substantial performance gains over SDDP. SQDP con-
verges faster, stabilizes its value function approximations in fewer iterations, and performs par-
ticularly well when the curvature of the recourse functions is large. These results highlight that
incorporating curvature through quadratic cuts significantly improves the classical dynamic
programming approximation, reinforcing the potential of quadratic-cut methods for large-scale
stochastic optimization.
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