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Correctness of an application using QAOA

Hannu Reittu and Ville Kotovirta

Abstract— In this work, we analyze the Quantum Approximate
Optimization Algorithm (QAOA) [1] to solve a particular type of
problem related to a graph clustering [2]. We establish rigorous
bounds for efficiency of QAOA in the limit of a large problem.
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I. INTRODUCTION

In [2] it was demonstrated that the so-called regularity check
can be formulated as a qubo (quadratic uncostrained optimiza-
tion problem) which can be solved using a quantum annealing
machine like D-Wave or on a quantum gate computer using
QAOA. This work concentrates on QAOA for a very simple
case which can be analyzed rigorously. Some extensions of
the basic model are also introduced.

II. REGULARITY CHECK AS A QUBO

The main ingredient of the problem is a cost function
obtained from the Szemerédi’s Regularity Lemma [3] and
its version introduced by T. Tao [4], and corresponds to the
so-called e-regularity check. e-regularity is a property of a
bipartite graph. Denote a bipartite graph as G(Vy, Vg, F) in
which V7, and Vg are two finite and disjoint sets of nodes and
edges E' are only between these sets. The density of links in
G is, by definition:

~e(VL,VR)

di=—~—""——~.
VLI VR|

e(Vy,Vr) = |E| is the number of links in G and |-| is number
of elements in a set. G is e-regular if and only if VA C V,
and VB C Vi we have:

L(A, B) := e(A, B) — d|A||B| = O(e|VL||Va|. (D

The problem of finding extremes of L-function can be for-
mulated as a qubo, [2]. For each node ¢ € Vi, U Vg assing a
binary variable g;, which is used as an indicator variable of
various sets. If A C Vy, is defined as A = {i € V, : ¢; = 1}
and B C Vi as B = {i € Vg : ¢; = 1}, then the cost function
can be written as:

L(A, B) = (aij — d)quJ (2)
i1€ACVL,jEBCVR
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in which a;; is an element of the adjacency matrix of G, with
a;j = 1if (i,j) € E and a;; = 0 otherwise. Our baseline
qubo is:

(aij — d)qiq;- 3)

arg max
%€40.1} jecv, jecvg

The corresponding sets that maximize the cost function (2) are
densely connected subgraphs in the bipartite graph and can be
used to find graph communities in a graph [2].

III. QAOA FOR THE REGULARITY CHECK

We adapt the well-known Quantum Approximate Optimiza-
tion Algorithm (QAOA), invented by Farhi et all. in [1]. QAOA
can solve the optimization problem in Eq. (3).

The input bipartite graph is denoted as G(Vr,, Vg, E), Both
sets have n + m nodes. Assume that the optimal solution of
the qubo corresponds to 2n nodes noted by blue color in Fig.
1. We use computational basis which corresponds to the same
ordering of variables with basis states |z1,Z2, "+, Z2nt2m)-
In QAOA we need a problem Hamiltonian H, which we
define through the following spectral decomposition. For any
computational basis state |X):

HIX) = E(X)|X), (4)
in which

E(X) =

2.

1<i€Vy,jEVR

((I?;J‘ — d)l‘iﬁﬁj.

We can write:
H=H1+ Ho, (5)

Hi=(1-d) 3

1€VL,JEVR

i,jSi ® Sj,

Hg =d Z (am- — 1)81 (9 Sj-
i€VL,jEVR
with
1
8; 1= 5(1 —0.4),

in which o, ; Pauli z— operator acting on qubit 3.
The main ingredient of the QAOA algorithm is the following
unitary transformation:

®
U(Tat17t2) = He_iTo'w,j e_iterl_itQ,HZ (6)
J

in which o, ; is the o, Pauli operator acting on the j th qubit,
t —1,t — 2 and 7 are real parameters (in a standard QAOA
there are only two parameters (7,t¢)). We have the following:
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Fig. 1. Bipartite graph and assignments of qubits to nodes. Link weights
between various subgraphs are shown as colour coded links. For instance link
weight between blue nodes is di; and so on.

Proposition 1:
U(r,ti,ta) = RX(27)*N T[ CiPj(—ta(1—d))x
aijzl

I ciPi(tea),

ai]-:0
in which one-qubit operator RX is:

RX(27) = (

and where C;P;(¢) is controlled phase-shift operator with the
control qubit ¢ and phase-shift operator P; acting on qubit

number j as:
1 0
P(¢) = (0 €i¢> )

in which ¢ is a real number. In QAOA the parameters (7,¢ —
1,t2) are optimized by measuring the expected energy using
some classical search method.

cos(T)
—isin(7)

—isin(T))

cos(T)

IV. EFFICIENCY LIMIT OF QAOA

Consider a setting shown in Fig.(1). It is assumed that the
maximum energy correspond to the configuration when the
first 2n qubits are in state |1) and the rest are in the state |0).
In Fig. 1 such a community corresponds to the blue nodes.
The maximum energy has the value Ep., = n?(dy; — d), in
which di1 = Y, ;<s,, @ij/n? is the link density in a subgraph
induced by the first 2n nodes (blue).

The state with maximum energy is denoted as |1,0), and
the state with all qubits in the state 0 as |0, 0).

A. A solvable case

First we consider a very simple model case, shown in Fig.
(1), with dy; = 1 and all other densities are zero. Thus,
the supposed solution is a full bipartite graph, K,,,, with the
corresponding state denoted as |1, 0) (first 2nqubitsinstatel.
and all other in state 0) The state with all qubits in the state
0 is |0, 0). Define the amplitude:

a=(0,0| H¥NU(7,t1,t2)|1,0) (7
then

p(T7t17t2) = |a’|2

is the probability of finding the solution in one round of QAOA
using fixed parameters (7, t1,t2). Denote by |s1,s2; f1, f2)
sum of all different computational basis states which fulfill
a constrain: register has exactly s; + so + fi1 + fo qubits
in state |1) and the rest are in state |0). And furthermore
the |1)’s are distributed in such a way that s; are among

qubits 1,--- ,n, sy are among qubits n+ 1,---,2n, f are
among qubits 2n + 1,--- ,2n + m and finally f, are among
qubits 2n + m + 1,--- ,2n + 2m, see the numbering of

qubits in Fig.1. We denote |s1, s2; f1, f2) := |sf) in which 4-
dimensional vector sf has components: sf = (s1, s2, f1, f2)7 .
By |x),x ~ sf we denote a computational basis vector which
meet the above condition with respect to a vector sf. We
denote:

|p) := RX(—27)®N|1,0) = (|1) cos T + isin T |0))*" x
3
(|0) cos T + isinT [1))?™ =
Z )2m+51+827f17f2><
0<s1,52<n;0< f1,f2<m
(isinT)?" =152t bl gy gor £, fa),

(cosT

For our graph we have for any computational basis vector
[x):
Vx ~ (51,82 f1, f2) )
Hi|x) = (1 —d)s152|x)
Ha |x) = —d(s1f2 + s2./1 + fifo) [x) .

As a result we have:

VXN(Slst;flva) (10)
eitiH1+itaHa|x) |x) = eit1(1—d)s1s2—itad(s1 fa+s2f1+f1f2) |x) .

From Egs. 8 and 10 we get

eit1H1+it2H2 |¢> — (11)

(cosT)2mtsitsz—fimfay

>

0<s1,52<n;0< f1,f2<m
. s 2n—s1—s2+f1+ ity H1+itoH . _
(isinr)?n—simsethitfzgihtatitet g g0 £ fo) =

Z (cos T)2m+81+82—f1—f2 (isin T)2n—81 —setfitfa o
s1,82,f1,f2
eitl(17d)51827it2d(81f2+82f1+f1f2) |Sl, 82; fl, f2> .

Since: 1
HEN0,0) = oo > T [x)

o= () ()G

X

and

we have
1
0= S X
E (COS T)2m+81+52—f1—f2 (Z sin T)Qn—81—52+f1+f2 %

s1,82,f1,f2

eih(1—d)8182—it2d(51f2+s2f1+f1f2) (n> (n) (m) (m)
S1 52 J1 fo

12)
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Using the Newton’s binomial Theorem, Eq. 12 can be written
as:

1
azwx (13)

g (cos TetrImd)sz—itzdfz 4 ;giy 1)
s2,f2

(i sin e~ #2d(s2HF2) | cos 7)™ x

)yt fa (i gin r)n S22 (™ .
comryem=ttisnmy (1) (7)

We make the following assignment:
1

COSTZSinT:ﬁ, (14)
after which Eq. 13 takes the form:
0= Gy Do (€MD Ly (1)
s2,f2
(Z'e—itgd(SQ-i-fg) + l)m(i)f2_52 <n> (m) )
52 fa

For large m and n the binomial coefficients have a very
sharp maximums around the centre so ~ n/2 and fo ~ m/2.
That is why, the main contribution to the amplitude a comes
near the center and we should use the choice of the parameters
t; and t2 to maximize this contribution. The corresponding
contribution in Eq. 15, which depends on parameters ¢; and
to, is maximized if the following conditions hold:

i (=d) g —it2d | ; _ o (16)

L antm
je ST 41 =9

The solution of Eq. 16 lead to the following final assignment:

T =7 a7
m m
L N G LU
! (l—d)n(n+m+ )
7
R —
27 d(n+m)

This means that both parameters ¢7 and ¢35 are small in Eq.
17, since we are interested in asymptotic of the amplitude a
as n,m — oco. We have the following strictly positive lower
bound:

Lemma 1:

2 w2 2
> 2T (24mn/(m+n)*)
la] > /po e )

n — 0o, n/m = const.
Proof: See Appendix A. ]

Let K, ; denote a fully connected bipartite graph, in which
s and h are natural numbers indicating number of nodes in
the two parts. We have the following result:

Theorem 1: Let G be a bipartite graph with N nodes and
with parts each having n + m nodes. Only links of GG are in
a subgraph K, . Let |0) denote a state of N-qubit quantum
register with all qubits in the state |0) and the first 2n. Using
operators defined in Eqgs. 5 and 6 and in which the adjacency
matrix and the density parameter d corresponds to the graph
G a quantum state |¢(7,t1,t2) is prepared:

(7.1, t) := U7, tr, t2) HOV]0)

in which H is the Hadamar transformation. With the assign-
ment 7 = 7%,t1 = t1*,12 = ¢2* according to Eq. 17, the
measurement of all qubits of (7%, ¢3,t5)) will yield subgraph
K, ».in the sense that measured state will have value 1 in all
positions in the quantum register assigned to the subgraph
K., » and 0’s in all other positions, with probability at least
po and with

4 =2 2
—{Z-[24+mn/(m+n)*]}
po — —e b2 [ I}

n — 0o,n/m = const.

The qubits assigned to the subgraph K, , are, according to
definition in Eq. 5, all such positions ¢ and j in the quantum
register for which adjacency matrix of G has entry a; ; = 1,
corresponding to the links in G.

Proof:  Obviously, probability of finding K,, when
measuring the state [o)(7*,t%,¢3)) is equal to |a|® in Eq.(7)
and the claim follows from the Lemma 1. [ ]

B. Extension to a more generic case

Assume the same model as in previous section, described
by the adjacency matrix A with elements a;;. Next we allow
a perturbation of the simple model by cutting some links and
adding some links. This alternations are described by a sparse
matrix with elements €;; € {0,1} of the same size as A. By
sparsity we mean that ;. €;;/n — 0,n — oo. The value
€;; = 1 means that the corresponding value of adjacency
matrix element a;; is reversed and if eij = 0 the element
is left unchanged. Obviously, the altered graph has adjacency
matrix with elements:

a;j = aij(l — 61']') + (1 - aij)eij = Q45 + eij(l — 2&1']')

(18)

Using the adjacency matrix A’ with elements agj, we can
rewrite Eq.5 as

H =H) + M, 19)

Hy = (1—d)

>

1€V, jEVR

o (aiy—1+e;(1—2a))s @55,
1€VL,JEVR

(ai; + €i(1 — 2a5))si ® s5,
7‘[2 = d/

in which d’ is the link density of the graph with adjacency
matrix A’. Obviously d’ — d,n — oc.

Vx ~ (s1,52; f1, f2)

eitlH/1+it2H/2|X> |X> —

(20)

eitl(1—d’)sl52—itgd/(S1f2+82f1+f1f2+it1m1 (x)+itama(x) ‘X>
b

in which

mi(x) = (1 - d)

>

z;=1,j€[2(n+m)]

> €ij (1 — 2a45),
z;=1,j€[2(n+m)]
k] :={1,2,--- ,k}, ke N:={1,2,---}.

Gij(l — Qaij) (21)

mo(x) = d’
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Using Eq. 17 we have

Vx ~ (51, 82; f1, f2)
eIt H it Hy %) |x) —

(22)

eit{(1—d)slsg—it;d(s1f2+sQf1+f1f2)(1 + 0(1)) |X> )

To prove Eq.22, note that both ¢] and t5 are of the order
of 1/n and since |m1(x)|/n < (1 —d’) >, €;5/n — 0 and
Ima(x)|/n < d' 2, €i5/n — 0, we have tymq(x) — 0 and
tima(x) — 0. As a result we have in Eq.20:

ei¢(x)+it1m1(x)+it2m2(x) _ ei¢(x)(1 + 01(1)),71 — 00,

in which we denoted by o,(1) = 3,5, (itimi(x) +

itama(x))™/n! — 0 and thus o0,(1) = o(1), and ¢(x) =
t5(1—d')s1s0 —thd'(s1fo+ s2f1 + f1f2). As a result, we get

®
(0,0] HON itttz | TT e ows | |1,0) —
J

¢ i6(x)
a+ 22(n+m) Ze 01(1)’

in which a is the amplitude with absolute value bounded away
from zero according to Eq.1. The second term has zero limit
because

e ip(x) 1
|22("+m) Ze 0m(1)| < 92(n+m) Z |0$(1)| <

|0(%1(jr)n|) Z 1=|o*(1)] = o(1),

22

in which |0*(1)| is largest among |o,(1)].

C. A solvable weighted graph problem

Now consider a model which follows from a random
bipartite graph with three parameters in the sense that number
of links is taken from the average number of links in the
corresponding random graph. This is similar to the case in Fig.
1. We assume that for any configuration (s1, s2, f1, f2) number
of links is replaced by expectation dy1$152+d12(s1 fo+ f182)+
daa f1 fo and number of no-links is replaced by (1—dq1)s182+
(1 —di2)(s1fe + f152) + (1 — d22) f1fo.

The corresponding problem Hamiltonian is:

H="Hi+ Ho,
Ve ={1,2,--- ,n,2n+1,2n+2,--- ,2n + m},
Ve={n+1,n+2---,2n,
2n+m+1,2n+m+2,---,2n+ 2m}

(23)

Hl = (1 - d) Z Dijsi X S5,
1€V, j€EVR
Ho :=d Z (Dij — 1)Si & 8,
i€Vy,jEVR
_ 2Dy
(n +m)?

and in which matrix elements D;; can have three possible val-
ues, dy1,d12 and dos. Those values are determined according
to which part of the graph the corresponding nodes belong.

See the corresponding assignments in Fig. 1. For instance if
t<nand n+1<j < 2n, then D;; = dyy and so on.
Formally we have:
Definition 1:

G(Vii, Vrj,dij, 1 <1, < 2)

is a weighted bipartite graph with bipartition of nodes in
two sets Vi1 U Vo and Vgr1 U Veo and with weight
matrix D between the nodes in two parts: for all nodes
o€ VLJ-,and B S VRJ,DO‘/@ = di,j and in which dij = d]‘,‘
are three real numbers.

Vx ~ (81, 825 f1, f2)
Hi|x) = (1 = d){diisis2 + diz(s1f2 + s2f1)+
d22f1f2} \X>
Ha |x) = d{(d11 — 1)s152 + (d12 — 1)(s1.f2 + s2.f1)+
(daz — 1) f1fa} |x) -
Similarly to the analysis of the previous section we can

prove the following:
Theorem 2: Assume a weighted bipartite graph:

G(Vii, VR, dij, 1 <d,j < 2),

(24)

according to the Definition 1, and a state
(Tt t2)) == U(7, t1, 1) HZN |0) .
With
B= (25)

((1 — d)(nd11 + md12), —d(n(l — dll) + m(l — dlg)))
(1 — d)(ndm + md22), —d(n(l - d12) + m(l — dgg)).

provided the determinant det B # 0, set 7, ¢} and ¢

det < m,  —d(n(l—di)+m(l— d12)))
o —m, —d(n(l—di2)+m(l—ds)) (26)
1= det B '
det (1 — d)(nd11 + mdlg), ™
o (1 — d)(ndlz + mdgg), -7
- det B ’
. T
"= —

4
the solution can be found with a probability at least:

4 <2 .
Do — ﬁef{ﬂﬂmn/(mmﬂ},

n — oo, n/m = const

n=|Vpil=|Vril m=|VLa|=|Vral

V. CONCLUSIONS

We considered a problem of finding range of a so called
regularity check qubo. This problem is known to be in the
classical complexity class co-NP-complete. We formulate this
problem as QAOA program. We analyzed rigorously some
particular instances which can be effectively solved with one-
layer QAOA in the limit of large graphs. The solution is based
on Newton’s binomial theorem which allows a constructive
interference of amplitudes when there is enough smoothness in
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the cost function. It was shown that in these cases QAOA can
find solution with a probability lower bounded by a positive
constant. Regularity check problem has application to a graph
clustering. In future we hope to extend similar analysis to more
complicated cases using multi-level QAOA.

APPENDIX

Proof of the Lemma 1
Proof: Representing variables as sy = n/2 + k, fo =
m/2+ j and using the assignment Eq.17 we get Eq. 15 in the
form:

2n+7n n

a= 22(n+m) Z

(e wm (k+5) 4 1)™ (i)~ k(

GRS 4 1)"x 27)

L))
2 k)\2+5)

assuming for simplicity of notation that both n and m are
even. We will find the leading contribution to a in the limit
n,m — oo and n/m = const. For this we use expansions in
powers of small parameter 1/n:

m

(6 n n+m+1) Zn+m +1)

im J
(2+n(k(n+m+1) Tt
2 m j 2 "
K k 1 s e =
on2 (n+m+) 1+m/n) * )
n T m J
o _t1) - —
GXP(2(k(n+ ) 1—|—m/n)
2 m j 2
YL T N
4n(k(n+m+ ) 1+m/n) + )
and
(eminfm+) 1 1) =
. )2
(o T td) (k)
n+m 2(n +m)?
) 2 2
o exp (U +) w(k +j) )
2n/m+1  4(n+m)(n/m+1)

By substituting these expansions to Eq. 15, and ignoring the
insignificant constant phase factor, we get:

2 b
= nm Ze{*ﬁ[(k(nwﬂ) T )7} (28)
72 (kt5)2
T ) i
5+k/\F+J
in which by --- we denote the further terms in expansion

on the small parameter 1/n. The first order term has opposite
phase with the factor 7% and, as a result, their product equals

to 1. Indeed:
O s et
2 'n 1+m/n 2n/m+1
1T m—m n—+m
—(k+ kK — = k—7).
5 (et kb — Jn+m) ( 7)

First we split the sum in Eq. 28 in two parts. The first part
has sum over values: |j[,|k| < n®, in which 1 < a < 2. The
corresponding contribution to a is denoted ay. The reminding
contribution to a is denoted as a; and by definition a = ag +
a1. We have in the limit:

! (- [k
= an n+m
o on+m Z €
dokeli Ikl <ne

2 (k+4)2
e{ in (1+7n/‘n)(ﬂ/'rn+l)]}

(a0 (4")

indeed, the next term of the power expansion in Eq.28 has the
order of n3*/n? — 0 as n — oo. The binomial coefficients
are monotonously decreasing functions of k£ and j as their
absolute values increase. In area of summation for ag we can
use the asymptotic:

+1)*m)2]}x

(29)

2" 2
<n " > ~—Z e, n— ook =o0(n??). (30)
s+k nm/2
From Egs. 29 and 30 we have:
e~ {7 [m/n+2)*+m/n]}
GO > X (31)

— 2n+m
S (44
n +‘Z€ m + y
kLRl vE N2 2 TJ
2 (m/n+2)*+m/n]} S w e
e n T m >
VmT JkeliLIRl <V

2 [(m/n+2)%+m/n]+2(n/m+1)}
LAVINLIESVD

2¢~ 1T

{77
2e~ 1>

Vv nmim

2 (= ((m/nt2)? +m/nl42(n/m+ 1)}
s
As a result of Eq. 31, amplitude of ag is lower-bounded by
a constant.
Finally, we show that amplitude of a; is exponentially small.

From Egs. 15 and 30 we get an asymptotic upper bound

n
2™m 32
|a1|—2n+m{ Z <’2L+k>+ (32)
[k|>ne
n
Wy () 2 () )
|j|>ne 2 m,lk\Zna
me_ana 1 n n€_2%7L2(!71 i nme_27l2a71€_2%n2a717

since a > % we have 2a—1 > 0, which indicates that |a;| — 0

with exponential speed ~ e’ B >0 and n — oo. ]
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