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Abstract— Nondeterministic polynomial time (NP) problems
remain a major challenge for classical computing. Quantum
computing promises to overcome this barrier using quantum
properties. Among the most studied approaches is the Quan-
tum Approximate Optimization Algorithm (QAOA), a quantum-
classical hybrid. This paper shows how the Minimum Vertex
Cover Problem (MVCP) can be tackled via QAOA on a quantum
simulator, proposing a two-round strategy: first to select a
good starting point, then to optimize the solution. Tested with
different classical algorithms and simulation settings, our method
is evaluated with different circuit depths. Results show high
probabilities of optimal solutions, even at low depths.

Keywords— Quantum Approximate Optimization Algorithm,
Minimum Vertex Cover, Quantum Computer Simulator.

I. INTRODUCTION

In computer theory, problems of the class
NP(nondeterministic polynomial time) are problems with
no known polynomial time methods to be solved, but that
can be verified in such time complexity. Those types of
problems are a barrier in modern day computation, even
for supercomputers [1]. Several modern day problems
with real applications, such as the Traveling Salesman
Problem [2] and the Job Shop Scheduling Problem [3] are
examples of NP problems [4][5]. The Minimum Vertex
Cover Problem (MVCP) also lies in this class of problems,
being NP-complete [4], and many heuristic methods to
find near-optimal solutions for it have been widely used,
such as annealing, genetic, DNA, particle swarm, and many
others algorithms [6]. With advances in quantum physics and
computer theory, some new methods of computation beyond
the classical computer have been proposed using the principles
of quantum physics [7]. From that moment - the advent of
Quantum Computing - some algorithms were formulated
aiming to improve already existing classical analogs, for
instance, the famous Grover’s [8] search algorithm and
Shor’s [9] algorithm for number factoring. Another promising
quantum algorithm is the Quantum Approximate Optimization
Algorithm(QAOA) [10], a quantum-classical hybrid algorithm
to solve combinatorial optimization problems - such as the
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MVCP - that combines a quantum circuit and a classical
optimizer to find an approximate solution to the given
problem. In this paper, a formulation of the MVCP problem
to be solved by the QAOA is proposed, implemented
by following the usual methods to obtain the Quadratic
Unconstrained Binary Optimization(QUBO) related to the
problem [11] and the creation of an Ising model and a
quantum circuit associated to the QUBO formulation [12].
Afterwards, the QAOA routine is applied to the problem using
two rounds of the QAOA, one to select a preferred starting
point among some sampled ones and a second, starting from
the select starting position, to execute the final parameter
angles optimization. The quantum circuit was run in different
quantum computer simulators and several classical optimizers
to complete the quantum-classical loop. For each optimizer,
the circuit was constructed with different depths. The results
from each run are then analyzed, by comparing relevant data
such as the approximation ratio of the results and probability
of finding the optimal solution and the number of iterations
to convergence for each classical optimizer.

II. THE MINIMUM VERTEX COVER PROBLEM AND ITS
IMPLEMENTATION IN QAOA

For the context of this paper, the MVCP problem is defined
as the following: for any given unoriented graph, without loops
and no multiple edges G(V,E), where V and E are its vertices
and edges(a set of unordered pairs {v, u ∈ V }), respectively,
a vertex cover for it is a set of vertices V ′ ∈ V where ∀ e ∈
E, ve ∨ ue ∈ V ′, that is, for every edge, at least one of its
endpoints are in V ′. Thus, the Minimum Vertex Cover is the
vertex cover V ′ with the minimum number of vertices, V ∗.
This problem can be described as:

min

|V |∑
i=0

xi,

subject to xi + xj ≥ 1,∀{xi, xj} ∈ E (1)

Where xn represents the vertices of the graph, with xn = 1
if the vertex vn ∈ V ′ and xn = 0 otherwise.
In order to solve this problem in a quantum computer using
QAOA, first, it is required to rewrite and abstract is for-
mulation so it can be understood and solved by a quantum
processor, in the case of this paper, a gate based quantum
computer. To do so, the MVCP is written as a QUBO problem
(equation 2), as it easily translates to a Ising Hamiltonian
(equation 3), which is the Hamiltonian (energy) function
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of a mathematical model describing quantum interaction of
particles organized in a lattice.

f(x⃗) =
1

2

n∑
i=1

n∑
j=i

Qijxixj (2)

H = −
∑
j,k

Jjkzjzk −
∑
j

hjzj (3)

The Hamiltonian of the problem is then used to build a
quantum circuit in the quantum computer, which will most
likely prepare a state close or equal to the system ground
state, which will give the solution to the original problem. To
write the MVCP as a QUBO problem, the hard constraints are
transformed into soft constraints (penalizations) and added to
the objective function [11], as the following:

min A
∑
i,j∈E

(1− xi)(1− xj) +B

|V |∑
i=0

xi (4)

Here, A and B are weights for the penalization and the
objective, respectively, and A > B [11]. We can then write
it in the Ising model Hamiltonian from 3 as the problem
Hamiltonian HC by changing its bit variables {0, 1} to spin
variables {1,−1}, having:

HC = A
∑
i,j∈E

(
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2

)(
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2

)
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)
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Where di is the degree of the vertex vi. Having the problem
written as such, it is possible to assemble the quantum circuit
from it, as the one in Figure 2, and then solve the Minimum
Vertex Cover Problem using QAOA. What the QAOA will do
is prepare a initial quantum state using the problem and the
mixing (an easy to solve) Hamiltonians HC and HB of 2p
rotation angles variables γ and β, where p is the depth of the
quantum circuit, that is, how many times the circuit pattern is
repeated. Then, the energy F (γ, β) of this state is calculated,
and the values of γ and β are updated, which will be fed
back in to the circuit, in order to minimize the energy of the

system. This part is done using a classical optimizer. When the
optimal values of γ and β are found, the state prepared by the
quantum circuit is more likely to be (or to be close enough) to
the ground state of the system, retrieving the optimal solution
to the original problem.

Update values of (γ0, γ1, ..., γp−1) and (β0, β1, ..., βp−1)
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Fig. 1: QAOA schematic.

III. MATERIAL AND METHODS

Based on [13], in this article, a comparative study will
be conducted on the classical optimizers used in QAOA and
how they affect the results of the algorithm, while varying
the number of layers of the quantum circuit. In order to do
so, ten different optimization algorithms were selected(see
table I). The classical and quantum algorithms were im-
plemented in Python 3.11.7, while the quantum computer
was simulated through the AerSimulator, from IBM’s Qiskit
library [14]. Qiskit was also used for all quantum computer
related implementations, such as circuits, estimation of energy,
and sampling for the optimized circuit. For the gradient-
based algorithms, the generalized parameter-shift rule [15] was
applied to estimate the gradient of the objective function.

In this paper, the following approach was used for each
one of the algorithms: for different values of p(depth of the
circuit), varying from 1 to 10, ten starting points for the 2p
angle parameters γ ∈ [0, 2π] and β ∈ [0, π] were selected
by Latin Hypercube Sampling [16]. Afterwards, for every
starting point, a routine of the QAOA was run to minimize
the objective function, and the starting points associated with
the lowest cost function value found by the optimizer were
selected. Then, from the selected starting point, the QAOA was
run again ten times, and the optimized parameters associated
with the lowest cost function value found by the optimizer
were selected to run the circuit one final time to obtain the
results. This optimized circuit was run 100 times, to avoid
misleading results due to the nondeterministic characteristics
of the routine. Significant data on the runs were recorded, such
as the number of iterations of the classical optimizer before
stopping and their respective value of the cost function, the
optimized parameters found, the approximation ratio (AR) as
in 6, the final bitstring result, and the probability of retrieving
the optimal solution by QAOA. Two methods were utilized to
simulate the quantum computer for each algorithm: the state
vector and shot-based simulation, both using the Qiskit Aer
Simulator. For shot-based simulations, 10000 shots were used.

AR =
f(x⃗)

f(x⃗∗)
(6)
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q0 H RZ(2γ0h0) RX(2β0)

q1 H RZ(2γ0J01) RZ(2γ0h1) RX(2β0)

q2 H RZ(2γ0J12) RZ(2γ0h2) RX(2β0)

Fig. 2: Example of an ansatz circuit with p = 1 to solve the graph P3.

TABLE I: Optimization algorithms applied

Gradient-based methods
Algorithm Implementation
Adaptive Moment Estimation (ADAM) PyTorch [17]
ADAM variant with convergence (AMSGrad) PyTorch [18]
Broyden–Fletcher–Goldfarb–Shanno (BFGS) SciPy [19]
Limited-memory BFGS with bounds (L-BFGS-B) SciPy [20]
Conjugate Gradient (CG) SciPy [21]
Sequential Least Squares Programming (SLSQP) SciPy [22]

Gradient-free methods
Algorithm Implementation
Constrained Optimization by Linear Approximations (COBYLA) SciPy [23]
Nelder-Mead simplex search (Nelder-Mead) SciPy [24]
Powell’s direction-set method (Powell) SciPy [25]
Simultaneous Perturbation Stochastic Approximation (SPSA) Nevergrad [26]

In summary, two rounds of the optimization algorithm are
performed: The first one, to find the best starting point from the
sampled ones; and the second one, starting from the optimized
starting point to find the final optimized parameters. Finally,
an optimized circuit is run to retrieve the final results.

In [13], the tests for each algorithm were performed varying
p from only 1 to 5, and only after finding the optimizer with
the best performance(SPSA), circuits with more layers were
accounted. In this paper, for a broader approach, the values of
p from 1 to 10 were applied to every algorithm, in addition
to the different routine with two runs. The graph selected to
run the tests was one of the six graphs used by [13]: a simple
graph with five vertices and six edges, as in Figure 3.

1 2

3 4

5

Fig. 3: Graph selected to conduct the tests.

IV. RESULTS

After executing the tests for the state vector simulation and
the shot-based simulation as seen in Figures 4, 5 and 6, 7,

respectively, it is observed that both the approximation ratio
and the probability of finding the optimal solution tend to
increase with higher values of p. This is true for both methods
and weather the optimizer is gradient-based or not, with slight
variations for each one. Most of them produced a very high
approximation ratio (0.80 ∼ 0.95), likely due to the selection
of a better starting position in the first run of the routine.

For the state vector simulation, shown in Figure 4, using
the gradient-based algorithms, at lower values of p (1 − 5),
the approximation ratio values (Figure 4a) and probability
(Figure 4b) values generally increase, with few exceptions,
and L-GBFS-B had a better performance for these depths.
As for higher values of p (1 − 10), there is not a consistent
improvement as before, the results tend to vary more. For
AMSGrad, BFGS, CG and SLSQP, the results get worse with
the last values of p, while using ADAM and L-GBFS-B,
the best results are achieved with higher circuit depth. The
worsening for more circuit layers for BFGS, CG and SLSQP
go as down as the results of the very first values of p, and it is
interesting to notice that, for SLSQP with a circuit depth of 6,
it yielded its worst result, by far. As this is a nondeterministic
algorithm, even with multiple starting points in the first run, it
was not able to find a good starting point for this configuration.
In general, the best result achieved was using ADAM with ten
layers, and for the other algorithms, their best performances
had p varying from 6 to 8, except for L-BFGS-B, with the
best results also at ten layers.

Still in the state vector simulation results, but this time using
gradient-free algorithms, seen in Figure 5, the tendency to im-
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(a) Approximation Ratio vs p for gradient-based algorithms.

(b) Probability to find the optimal result vs p for gradient-
based algorithms.

Fig. 4: Comparison of gradient-based algorithms using state
vector simulation.

prove the approximation ratio (Figure 5a) and the probability
(Figure 5a) as p increases for lower values appeared again. The
COBYLA and Powell algorithms had better performances in
general, with the COBYLA results turning into a plateau for
p > 4, and Powell had better performances with higher p. As
for Nelder-Mead, its values started to decrease for more than
three circuit layers. SPSA had the worst overall results, even
with results getting better for higher p.

(a) Approximation Ratio vs p for gradient-free algorithms.

(b) Probability to find the optimal result vs p for gradient-free
algorithms.

Fig. 5: Comparison of gradient-free algorithms using state
vector simulation.

In the shot-based simulation, the results for the gradient-

based algorithms presented in Figure 6 had a behavior similar
to that of them in the state vector simulation in both AR
(Figure 6a) and the probability of obtaining the optimal result
(Figure 6b) at least for the lower values of p. For higher
numbers of layers, there was instability again, but they did
not tend to worsen as much with higher depths, all having
the best performance at p = 9 (except for ADAM) and
usually producing better results than those for smaller p.
SLSQP with nine layers had the best performance, and BFGS
had inconsistencies even with fewer layers, while the other
methods had a somewhat more consistent increase as p grew.

(a) Approximation Ratio vs p for gradient-based algorithms.

(b) Probability to find the optimal result vs p for gradient-
based algorithms.

Fig. 6: Comparison of gradient-based algorithms using shot-
based simulation.

Regarding the gradient-free algorithms results, shown in
Figure 7, most of them exhibited similar performance to when
combined with the state vector simulation, except for the
surprisingly good performance for the Powell algorithm with 6
layers, retrieving the optimal solution in 100% of the results.
Of course, this is very likely to be an outlier, although the
Powell algorithm started to decrease its performance for p > 6.
This time, Nelder-Mead kept similar results for more than 4
layers instead of decreasing. The SPSA algorithm still had the
worst overall results, although it performed better than it did
with state vector simulations.

V. CONCLUSION

To summarize, when comparing the results for this study
with those from [13], it is clear that pre-selecting the starting
points in a first round run of the QAOA significantly increases
the outcomes for both AR and probability to yield optimal
results, reinforcing how landscape and starting point dependent
this method is. However, some similarities and discrepancies
can be observed. In both cases, there is a pattern of increasing
results as the number of layers increases from 1 to 5. The main
difference is the performance of the SPSA optimizer, which
had the best results in their work, whereas it had the worst
in this paper. This is most likely due to the fine-tuning of
the algorithm parameters, to which the final outcomes can be
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(a) Approximation Ratio vs p for gradient-based algorithms.

(b) Probability to find the optimal result vs p for gradient-
based algorithms.

Fig. 7: Comparison of gradient-based algorithms using shot-
based simulation.

really sensitive. From the presented results, it is also seen that
not always the configuration with the best probabilities returns
the best approximation ratio results, and vice versa. Moreover,
it is observed that even with low probabilities of finding the
optimal result, AR can achieve values around 0.8, which
means that even though the algorithm did not find the optimal
result, it retrieved a combination close enough. Although it
is a good metric, this can be misleading, as the tests were
run for a small graph, and several results could retrieve good
approximation ratios. For every simulator-classical optimizer
configuration, the results were satisfactory, but Nelder-Mead,
Powell, and specially SPSA had more inconsistent results.

As for the time complexity and computational resources
efficiency of this routine, the scheme presented here has a
disadvantage as it uses two rounds of QAOA optimization,
although it is still better than exponential time complexity. This
could be improved by optimizing the first round, as its only
purpose is to find better starting positions. As shown in [6],
when comparing the results of the QAOA approach with a
classical one for solving the MVCP, it has a clear advantage, as
its complexity is polynomial O(poly(p)+poly(m)), where m
is the number of iterations of the classical optimizer, and does
not depend on the entry size n, rather other classic approaches,
where its complexity depends on n. Moreover, since the time
complexity depends on the number of layers, the improvement
in the probability of finding the optimal result for a smaller p
compared to the results of [13] is especially significant.

Regarding future research, it is suggested to improve the
first round so that it does not require many computational
resources as the final optimization run. Reproducing the exper-

iments in real quantum processors is also a form of validating
this proposed approach, along with using graphs with more
vertices and edges to conduct the experiments.
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