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Outline of a Synalgebraic Approach to Distributed
Quantum Computing

Anderson Beraldo de Araujo

Abstract— This paper introduces a framework for compu-
tational reasoning about networks of quantum computers,
grounded in a new mathematical theory called synalgebra. Unlike
previous approaches, it shows how gate circuits can be made fully
quantum and distributed across different levels of configuration.
This perspective enables the formal verification of designs for
quantum computer networks with unconventional topologies,
which can be leveraged to develop previously unknown quantum
algorithms.
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I. THE SYNALGEBRAIC FRAMEWORK FOR DISTRIBUTED
QUANTUM COMPUTING

The present state of quantum technology indicates that we
will, probably, remain in a noisy intermediate-scale quantum
(NISQ) era for quite some time. In this NISQ scenario, there is
growing consensus among specialists regarding the importance
of distributed quantum computer architectures as a pathway
to scaling up to numerous qubits with low error rates [1].
Indeed, models of distributed quantum computing have been
theorized, with some already being under development as
quantum hardware [16], [2].

However, current distributed approaches do not provide a
clear model of modular computation in the sense of hav-
ing certain functions implemented as libraries in quantum
hardware, which can then be composed to form complex
algorithms [8]. There are examples of modular algorithms [14]
and prototypes of modular hardware [9]. Nonetheless, these
approaches are not systematic: they do not present abstract
models of distributed computation with modular components.
Moreover, they do not explore the topology of computer
networks and, consequently, cannot directly contribute to the
discovery of new quantum algorithms.

In contrast, this paper proposes a formal model of dis-
tributed quantum computing with modular components. The
idea is as follows: multiple clients send classical data, which a
classical machine encodes into quantum states, then computa-
tion emerges from the interactions among quantum computers,
organized into network topologies with multiple levels of
configuration. We refer to this approach as the synalgebraic
framework, illustrated in Figure 1.

Figure 1 shows exchanges (a;, b;) of clients with a quantum
plataform (M, N, Q) where: M is a classical computer that
takes a received data a; of a client i, encodes it in |g;) and
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Fig. 1. Synalgebraic framework

distribute |a,-) among the initial layer of quantum computers

9y, ...,9; in Q; N is a classical computer that takes a state
|b) generated by the terminal layer of quantum computers
Qp, - Qq in Q, decodes it in b and sends this processed data

back to the client i. The network Q of is made of different
modules of quantum computers that implement specific func-
tions; these functions are composed to generate the output |b)

of Q.

To implement this framework, we apply a new algebra
of levels of abstraction and concretion, called synalgebra.
We introduced synalgebra in [5], [4], presented at IEEE
Quantum Week 2025. It is a mathematical theory under de-
velopment, with a distinctive ability to reason about identities
and similarities, enabling the evaluation of information flow in
complex data structures called infergraphs. The flexibility of
intergraphs makes it possible to define links among different
quantum modules of computation based on local operations
and classical communication (LOCC) [11, p. 573]. Within an
LOCC system, synalgebra supports the definition of multilevel
operations across quantum modules.

In what follows, we introduce the core concepts and oper-
ations of synalgebra, emphasizing its role as a foundational
framework for automated reasoning in distributed quantum
computing with modular components. Unlike previous ap-
proaches, the synalgebraic framework presented here is fully
distributed and grounded in computational reasoning, enabling
powerful and verifiable designs for quantum computer network
topologies. To illustrate these ideas, we also present prelimi-
nary data from computational simulations.
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II. SYNALGEBRIZATION OF QUANTUM GATE CIRCUITS

Synalgebra is a theory for equational reasoning over levels
of abstractions and concretions called intergraphs. An inter-
graph is a graph structure with levels that may have edges
within and across other levels of different orders. An intergrah
has an operation > that represents a link between two levels
and an operation : that represents instantiation, i.e., a : b is
true when a is a level inside b. The nodes of an intergraph
are levels that have no other levels inside them. Additionally,
intergraphs have an operation aA b called junction, which
represents a blend of the conjunction and disjunction; a mix
between “and” and “or”. For example, an intergraph in which
a is linked to b and c and d but also b or c¢ are linked to d
can be represented as

((a>(bAac))>d)Al(ard)

The meaning of this formula is the following intergraph

O

Fig. 2. Intergraph example

Synalgebra enable us to calculate the flow of information in
intergraphs too. For instance, to activate a flow of information
in Fig. 2, we just need to applied the intergraph to the node
a, because it is the initial node. The nodes that result from
the activation of the initial nodes of an intergraph are called
terminal nodes; in our example, the node d. Hence, synalgebra
internalizes these notions with an operation of application
-. The next sequence of equations illustrates a synalgebraic
reasoning:

(a>d)-a=d
=(c>d)-c
=((bac)>d)-b
=(a>(baAac))-a>d
=((a>(bac)>d)-a

Such a reasoning indicates that, although the paths a>d
and (a>(bAc))>d in the integraph Fig. 2 are different,
they are similar because share initial and terminal nodes.
Hence, intergraphs have two relations = and =~ that represent
identity and similarity. In this notation, we can express that
arx>d # (a>(bac))>d but a>d~(a>(bAc))>d. Synalge-
bra proposes a method for efficiently approximating quantum
computations by leveraging the qualitative distinction between
identities = and similarities ~. In doing so, we can perfectly
track the structure of quantum computations and subsequently
perform quantitative statistical analyses of the approximations
made.

In order to calculate identities and similarities among levels
in intergraphs, synalgebra has rules of the form

[Y FAl=,, [[FaA]
[Y - Al=,, [Nak Al

where a right rule ap indicates what happens (Y = A) when
a is true (right side of ) and a left rule a; indicates what
happens (Y F A) when « is false (left side of ). In the rules
above, the symbol I represent a list of assumptions and A a
list of consequences. The symbol “F” marks the difference
between assumptions and consequences. This distinction is
remanescent of Gentzen sequent calculus [12].

For example, synalgebra has right rules for quantum oper-
ations like NOT gate, represented by the symbol <>, namely,

[TH10) > <, Al =5, [TF 1), A]
[CF[1)> < Al =4, [TF]0). A

The quantum operators are assumed to be linear. Thus, it is
sufficient to define their actions on the basis of computation
— the qubits |0) and |1) in the illustrated example. Of course,
there are left rules for <> too and, similarly, for all quantum
gates and measurements. Indeed, synalgebra has a special
approach to measurements: it represents measurements by
indexing states with probabilities. Thus, |a)” denotes that the
state |a) occurs with probability p. The rules handle the gen-
eration of states and probabilities of quantum measurements,
using such a kind of indexing of states.

In a nutshell, that is the foundational idea of synalgebra.
It is a reformulation of Shallon’s graph algebra [15], in
which a> b is interpreted as “b is a target of a,” combined
with ideas from De Domenico et al. [6] about multilevel
networks. In an early work of us about logical modelling
of quantum computational problems [3], we identified that
quantum computations require a mathematical representation
of the flow of information different from the usual ones in
algebraic logic. This resulted in the novel concept of intergraph
as a blend of ideas associated to Kant’s notion of schema [10] —
a mediation between abstract concepts and concrete intuitions
— and Peirce notion of relatives [13] — diagrams for relations.
More details can be found in [5], [4].

III. MULTILEVEL DISTRIBUTED QUANTUM COMPUTING

In synalgebra, we use the following symbolic notation:

. |a)i is the quantum state a with proability p at cell k;
. o, is the condition at cell k;

« Oy is the NOT gate at cell k;

« [ is the Hardamard gate at cell k;

. @! is the Rotation with angle # =tz at cell k;

. @(; is the operator O at cell k;

. ¥ is the measurement in the Z basis at cell k.

The symbols are indexed by natural numbers in order to
represent the 2D tabular form of quantum circuits, avoiding
ambiguity. The alphabet of symbols above defines a language
of formulas represented by symbols like ¢, w, etc. In this
syntax, 171 and Ol[k] are, respectively, the control at cell k of
the rarget at cell k which is subject to the operation O.
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Each formula ¢ is interpreted in an intergraph A with a
Tarskian semantics so that the meaning A(¢) in A is made
up of clauses like the following:

- A = i)

- A(li)y>0) = AO)(i));

. Ala ® p) = A(a) @ A(P) where @ is the vector sum;

. A(@® p) = A(a) ® A(f) where @ is the tensor product;

- AG@lD)) = (J0)O] DT ) a(1)(1]i)*"?) where

a* is the complex conjugate of a.

There are other clauses, but these should be sufficient to
grasp the idea of the semantics. Note that measurements are
defined in terms of junctions via the Born rule that say the
probability of obtaining a state like |i) given the system is in
the state a|i) @ b|j) is |a|> = a - a*.

With the syntax and semantics established, we can use
synalgebra to define four operations on quantum computer
modules: control, teleport, setup, and breakup. These opera-
tions capture the possible relations between nodes and modules
— namely, node to node across different modules, node to
module, module to module, and module within module.

The control operation defines a link between nodes of dif-
ferent quantum computers module. We represent this operation
by symbol 1°« l>g [Ol, where A and B are quantum modules
such that 1°¢ : A and[0], : B. The synalgebraic formula that
defines this control operation is displayed below:

1°% >4 [0, = [A 2 (Ja)y> 11 >@;" > |a);
® [0)4> s> 1°0 > O > X7 > |p)g)] &
[B =(|0)g>O% > O > T1°10 ) > Yep B |0))3
® |f)14> 010 > [n) ;5]

Although the formula of the control operation may look
douting at first glance, its meaning is clear: it makes one
node in a module be controlled by a node in another module.
Hence, the formal meaning .A(1°% l>g [O])) of 1° l>/é [0, in
an integraph A has the circuit representation displayed below:
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Fig. 3. Control operation

The teleport operation defines a link between a node in
a module and another module. The formula that describes
teleport is this:

1% A B=[A x(Ja)y> 11 >, > %% > |p)y
® (|0), >[5 > 1°6 > O > %8 1> [17)g] A
[B (|0} > O% > % > @ > |a)))]
You can see its circuit representation of teleport below:

A A
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Fig. 4. Teleport operation

Note that control 1° l>f3 [0l is a non-local definition of
quantum controlled gates, as defined, for instance, in [17].
Similarly, teleport 1°¢ >4 B is just a conventional teleportation
protocol [7]. Both relies on the creation of a Bell entan-
gled state. The novelty here is that these operations can be
represented within synalgebra and, thus, to obtain two new
operations, namely, setup and breakup.

The setup operation A 1> [0]; defines a link between a node
in module that is controlled by another module. Hence, it is
a kind of Fredkin non-local controlled gate. The formula that
represents it is a little involved, but we can see its circuit
representation below:
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Fig. 5.

Setup operation

The last operation is breakup, in symbols Ay, B. This
operation relates a quantum module with another one. The
integraph representation of the breakup of a quantum circuit
is displayed below:
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Fig. 6. Breakup operation

Breakup is a generalization of the teleport. Indeed, A3, B
consists in teleporting the whole output of A to B, so that B
begins where A ends. It may be a useful operation to break
up a circuit with big width by smaller ones; for example, in
situations in which the coherence time of the circuits do not
support an algorithm with long width.

There are many details to be explained, but these are the
core concepts of the distributed quantum computation model
of the synalgebraic framework.

IV. PRELIMINARY SIMULATION RESULTS

We have been developing a library for the synalgebraic
framework in Rust, due to its safe concurrent model and its
integration with hardware description languages to run on
FPGAs. Below, we present preliminary data on a particular
network topology; just to exemplify the synalgebraic frame-
work. The simulations were conducted on a Dell desktop
with an Intel Core i7-1355U CPU and 15 GiB of RAM. The
quantum circuits simulated have the following scheme:
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Fig. 7. Scheme for simulations

In Figure 7, the star symbols * in A* and B* indicate that
this computers are initial, i.e., the input is encoded in them.
The asterisk symbol * indicates that C, is terminal, which

means the output is decoded from it. That is the reason it has
the measurements. Although A and B, start the computation in
parallel, 1°2 l>g <>°2 and, consequently, B waits A to process
1°2 in order to evaluate <>°2. Similarly, although the circuit
has B >¢, #°12, it computes first 1°2 >4 B, in order to get
the state to apply ¥°12 if the control holds.

The circuit in Figure 7 has 13 qubits: 5 explicitly displayed
and 8 implicitly used in the operations of control, teleport,
setup and breakup. The number of layers is the sum of the
nummbers of collumns in each module. For the simulations,
we added in A, By and B; randomly chosen single gates and
increased the number of qubits, one by one, in the scheme of
the circuit in Figure VI. Below, it is showed data about the
simulations.

‘f——r'—r»—,__'__'
10 30 50 70 9o
Time(s)

Fig. 8. Simulation data

The vertical axis in Figure 8 is the time (in seconds) needed
to compute the output of circuit from inputs that are tensor
products of the state |0). As we can see, the minimal time to
compute the circuit is 29s, which regularly increases with the
number of qubits and layers, except when it reach to 21 qubits
and 12 layers. At this point an abrupt decay up to 14 layers
happens, which turn to increase after that up to 16 layers.

We do not yet know why these patterns occur, and we
avoid drawing conclusions until more samples are collected
and statistical analyses are performed. In addition, we need
to explore variations in circuit topologies. For now, we can
only state that there appear to be interesting patterns worth
investigating. This was precisely our aim: to demonstrate that
the synalgebraic framework enables the analysis of unconven-
tional topologies, which can be leveraged to develop previously
unknown quantum algorithms. In future work, we intend to
pursue this in greater detail.
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