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ABSTRACT 

 

This study investigated the formation of band gaps in mechanical metamaterials at low 

frequencies, aiming to attenuate vibrations. The research explores how different 

configurations and material properties can enhance the effectiveness of band gap formation. 

The methodology employed numerical modeling based on the Finite Element Method (FEM) 

and the application of the Floquet-Bloch theorem for periodic structures, focusing on 

obtaining dispersion diagrams to identify the characteristics of the band gaps. The results 

showed that the use of stiffer materials in the resonators significantly contributes to the 

improvement of the properties related to band gap opening, with the first complete band gap 

characterized by frequency limits resulting in a bandwidth for the soil-concrete of 18.115 Hz 

and a sum of band gaps of 32.793 Hz; for the soil-concrete-steel, a bandwidth of 9.733 Hz 

and a sum of band gaps of 50.808 Hz; and for the soil-concrete-nylon-steel, a bandwidth of 

4.477 Hz and a sum of band gaps of 41.614 Hz. The discussion emphasized the obtained 

results and the need for further research on combinations and configurations of 

metamaterials to identify more efficient structures. It is suggested that future investigations 

focus on optimizing the performance of metamaterials. 
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INTRODUCTION 

 

Metamaterials are specially engineered materials designed to exhibit properties that are not 

found in nature [1,2]. They possess the ability to manipulate waves originating from 

mechanical vibrations, a characteristic that is particularly relevant for engineering 

applications, especially when the goal is to control structures with respect to mechanical 

vibrations [3]. Consequently, metamaterials offer innovative solutions for the control and 

attenuation of vibrations [4,5,6]. 

To understand the behavior of metamaterials, it is necessary to be familiar with the concept 

of band gaps, which can be achieved through two main mechanisms: Bragg scattering and the 
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phenomenon of local resonance [6]. The Bragg band gap arises as a result of destructive 

interference due to the periodicity and size of the unit cell, leading to the attenuation of 

specific wave frequencies [3]. On the other hand, the phenomenon of local resonance occurs 

when inclusions within the material absorb and/or dissipate propagating waves at certain 

frequencies, forming band gaps at low frequencies regardless of the unit cell size [5]. 

In practice, the Bragg band gap is used to prevent the propagation of waves and vibrations 

in periodic structures. The effectiveness of band gap formation depends on the combination of 

the structural shape and the properties of the materials employed [3]. In other words, it is not 

enough to simply select a specific type of material; it is also necessary to carefully design the 

geometry of the structure to ensure that the blocking of mechanical waves occurs effectively 

[5,7]. This relationship between material and geometry is what distinguishes metamaterials 

from conventional materials [8,9,10]. 

In this context, this research explores the potential of metamaterials in the formation of 

band gaps for vibration attenuation, through the manipulation of the geometry and 

arrangement of inclusions within the unit cell, as well as the physical properties of the 

constituent materials. The objective is to create effective band gaps at low frequencies, 

capable of attenuating the propagation of mechanical waves along the structure. 

Based on this, the metamaterials used in this research contain specially designed inclusions 

to induce the opening of band gaps at low frequencies and over a wider frequency range. 

Thus, this work contributes to the development of scientific and technological knowledge, as 

well as to the dissemination of metamaterials science and technology. 

 

2D MODELING OF THE METAMATERIAL FOR VIBRATION ATTENUATION 

 

In this work, plane strain was considered and the attenuation of mechanical waves was 

investigated through the application of metamaterials in the structure, composed of 2D solid 

elements. For this purpose, a numerical approach based on the Finite Element Method (FEM) 

was employed using the COMSOL Multiphysics software with two-dimensional solid 

elements, which enabled a detailed analysis of elastic wave propagation in a homogeneous 

and periodic medium. 

The structure studied consisted of a periodic array of resonators designed to function as a 

metamaterial capable of creating band gaps at low frequencies. In this study, the analyzed 

frequency range was limited to 100 Hz. The soil was modeled as an isotropic, periodic, and 

homogeneous elastic material, according to the following mechanical properties: Young’s 

modulus of 0.006 GPa, density of 1800 kg/m³, and Poisson’s ratio of 0.35. The resonators 

were conceived as cylindrical concrete structures arranged in a square lattice, with a Young’s 

modulus of 40 GPa, density of 2500 kg/m³, and Poisson’s ratio of 0.20. Inside them, nylon 

structures with a Young’s modulus of 1 GPa, density of 1150 kg/m³, and Poisson’s ratio of 

0.40, and steel components with a Young’s modulus of 210 GPa, density of 7800 kg/m³, and 

Poisson’s ratio of 0.30 were included. These inner elements were connected to the soil by 

means of solid elastic elements simulating the interaction between the materials. 

The unit cell of the periodic lattice was dimensioned to achieve wave response at low 

frequencies, considering both the lattice parameter and the distance between each element 

within the resonator. For the design of the metamaterial unit cell elements, the following 

dimensions were adopted: lattice parameter (a = 1.00 m), resonator radius (R = 0.45 m), 

radius of the uncoated cylindrical inclusion (R′ = 0.04 m), inner radius of the coated spherical 

inclusion (r = 0.03 m), and outer radius of the coated spherical inclusion (R′ = 0.04 m). The 

inclusions were placed equidistantly (L = 0.0005 m), as shown in Figure 1. 
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Figure 1 – Schematic representation of the metamaterial unit cell with a soil matrix, coatings, and 

circular composite inclusions: (a) Concrete; (b) Concrete-Steel; and (c) Concrete-Nylon-Steel. 

 

The analysis employed a triangular mesh and 2D solid mechanical finite elements, 

focusing on in-plane and out-of-plane elastic wave propagation. To describe the behavior of 

propagating waves in the periodic structure, the Floquet–Bloch theorem was applied, which 

allows the displacement vector to be represented as a combination of periodic functions 

modulated by a phase that depends on the frequency and the wave vector. 

 

𝑢(𝑟, 𝑡) = 𝑒𝑖(𝑘∙𝑟−𝜔𝑡)𝑢𝑘(𝑟). (1) 

  

Due to the bidimensional periodicity, this formulation enabled the analysis of the band 

structure in the first irreducible Brillouin zone, where the Bloch wave vector is denoted by k. 

The dispersion diagram ω of the structures was investigated along the M–Γ–X–M path in the 

FIBZ, as illustrated in Figure 2 for the square lattice. 

 

 
Figure 2 – Representation of the First Irreducible Brillouin Zone (FIBZ) for the square lattice. 

 

From the obtained band structure, it was possible to identify the frequency ranges where 

band gaps occur, thus confirming the capability of metamaterials to attenuate vibrations at 

low frequencies through the Bragg resonance and local resonance phenomena. An extra-fine 

numerical mesh was adopted, consisting of approximately 7660 triangular elements for the 

Soil-Concrete case, 24460 triangular elements for the Soil-Concrete-Steel case, and 31020 

triangular elements for the Soil-Concrete-Nylon-Steel case. The results indicate that the 

incorporation of metamaterials for vibration attenuation can be an efficient solution. 

Accordingly, the adopted methodology combined detailed numerical modeling, definition of 

material parameters, geometry, and arrangement of the materials within the resonators, along 

with an analysis based on the Floquet-Bloch theorem, which provided a foundation for the 

development of the solutions that enabled the generation of dispersion diagrams. The 

dispersion diagrams obtained were of the type ω(k) for all real values of the wave vector, 

restricted only to purely propagating modes. 
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RESULTS AND DISCUSSION 

 

The numerical modeling based on FEM, combined with the application of the Floquet-Bloch 

theorem for periodic structures, enabled the identification of band gaps in the analyzed 

frequency spectrum, limited to 100 Hz, confirming the potential of metamaterials for low-

frequency vibration attenuation [9]. 

The analysis of the dispersion diagrams reveals the formation of complete band gaps, 

indicated by horizontal gray bars that mark frequency ranges where elastic waves are 

completely attenuated along the IBZ (Figure 3). The opening of band gaps at low frequencies 

results from the contrast in the mechanical properties of the materials used and the 

arrangement of the resonators within the unit cell, which is characteristic of the Bragg 

resonance phenomenon [10].  

The analysis and generation of the dispersion diagrams proceeded as follows: the unit cell 

composed of Soil-Concrete served as the baseline for comparison with the subsequent results. 

The initial discussion aimed to achieve lower frequencies for the onset of the first band gaps 

and to evaluate their bandwidths. In addition, a global comparison was made by summing the 

bandwidths of the band gaps for each unit cell, investigating the influence of the interaction 

between the constituent elements of the metamaterial unit cells on the formation of the band 

gaps. 

 

 
Figure 3 – Dispersion diagrams of the metamaterial unit cell: (a) Soil-Concrete, (b) Soil-Concrete-

Steel, and (c) Soil-Concrete-Nylon-Steel. 

 

The first complete band gap was characterized by the wave mode shapes corresponding to 

the lower (i) and upper (s) limits, resulting in a bandwidth and the frequency range in which it 

occurs [7,9]. Figure 3a revealed a complete band gap with a lower limit of i1 = 50.731 Hz and 

an upper limit of s1 = 68.846 Hz, resulting in a bandwidth of 18.115 Hz. Figure 3b revealed a 

complete band gap with a lower limit of i2 = 36.923 Hz and an upper limit of s2 = 46.656 Hz, 

yielding a bandwidth of 9.733 Hz, which is narrower than that observed in Figure 3a. 

However, Figure 3b reaches lower frequencies for the formation of a complete band gap. 

Moreover, it can be observed that the complete band gap in Figure 3b is associated with a 

torsional mode, as shown in Figure 4a.  

Figure 4 revealed a complete band gap with a lower limit of i3 = 42.161 Hz (k = 2.4) and 

an upper limit of s3 = 46.638 Hz (k = 2.0), resulting in a bandwidth of 4.477 Hz. At the other 

lower and upper limits, the behavior was similar, indicating the absence of wave propagation 

within the resonator. Additionally, although the bandwidth is smaller compared to Figures 3a 

and 3b, Figure 3c reaches lower frequencies for the formation of a complete band gap than 
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Figure 3a, and exhibits a narrower bandwidth compared to Figure 3b. It can be observed that 

the complete band gap in Figure 3c is associated with bending modes and the phenomenon of 

local resonance, as shown in Figure 4b, which highlights a significant displacement of the 

metamaterial unit cell due to the presence of the resonator. 

 

Figure 4 – Wave mode shapes corresponding to (a) the lower limit (i1) and upper limit (s1) for the 

Soil-Concrete case, (b) the lower limit (i2) and upper limit (s2) for the Soil-Concrete-Steel case, and 

(c) the lower limit (i3) and upper limit (s3) for the Soil-Concrete-Nylon-Steel case. 

 

In addition to the analysis of the first band gap, the sum of the widths of the band gaps 

present in the dispersion diagrams of the metamaterial unit cell (Figure 3) was evaluated. For 

comparison purposes, the metamaterial unit cell composed of Soil-Concrete (Figure 1a) was 

used as the reference. The subsequent cases, Soil-Concrete-Steel (Figure 1b) and Soil-

Concrete-Nylon-Steel (Figure 1c), were compared against this reference case. Accordingly, 

the total width of the resulting band gaps was compared, as presented in Table 1. 

The band structure analysis presented in Figure 3 allowed the investigation of the influence 

of uncoated and coated spherical inclusions on the formation of band gaps. The numerical 

results for the sum of the widths of these band gaps are shown in Table 1, revealing the size of 

the band gaps for the configurations considered. 

 
Table 1 – Numerical results according to the metamaterial unit cell, showing the width and sum of the 

formed band gaps. 

Band gap 
Soil-Concrete 

(Hz) 

Soil-Concrete-

Steel (Hz) 

Soil-Concrete-

Nylon-Steel (Hz) 

1 18.115 9.733 4.477 

2 1.075 20.011 19.350 

3 7.938 2.378 1.855 

4 3.192 10.978 9.193 

5 2.433 3.064 3.075 

6 - 4.644 3.664 

Total 32.793 50.808 41.614 
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By comparing the dispersion diagrams of the different metamaterial unit cell 

configurations used, it is observed that the combination containing uncoated inclusions 

(Figure 3b) exhibits better performance in terms of vibration attenuation at low frequencies 

and across a broader frequency range. This is evident when compared to the reference case 

(Figure 3a) and the case containing coated inclusions (Figure 3c), with a total band gap width 

of 50.808 Hz (Table 1). A slight flattening of the dispersion curves can be observed in the 

case with uncoated inclusions (Figure 3b) when compared to the case with coated inclusions 

(Figure 3c). For the configuration containing coated inclusions (Figure 3c), it also 

demonstrates improved performance in terms of vibration attenuation at low frequencies and 

over a wider frequency range compared to the reference case (Figure 3a), with a total band 

gap width of 41.614 Hz (Table 1). In other words, when compared to the reference case 

(Figure 3a), the case with uncoated inclusions showed a 54.94% improvement in the opening 

of band gaps at low frequencies and over a wider frequency range, while the case with coated 

inclusions (Figure 3c) showed a 26.90% improvement. In this context, the appropriate 

selection of material combinations can be an effective strategy to enhance the opening of band 

gaps [3,5,10]. 

Thus, it becomes evident that the use of a stiffer material in the resonator significantly 

contributes to the improvement of band gap opening properties [4,9,11]. Although this study 

presents reasonable configurations for the formation of band gaps, it is possible that other 

configurations may offer superior performance compared to the results demonstrated here. 

Therefore, further research and exploration of various material combinations and 

configurations are necessary to identify more efficient structures. 

 

CONCLUSIONS 

 

A significant influence of metamaterials on the formation of band gaps at low frequencies can 

be observed. The numerical analysis of the dispersion relation reveals complete band gaps 

within the analyzed frequency range, which was limited to 100 Hz. The results indicate that 

the mechanical properties of the materials and the arrangement of the resonators are 

fundamental to the opening of band gaps, particularly influenced by the Bragg resonance 

phenomenon. Throughout the analysis, the study showed that the first complete band gap of 

the reference case (Figure 3a) exhibited a width of 18.115 Hz. Subsequent configurations 

presented varying band gap widths, highlighting the importance of material selection and 

arrangement in optimizing vibration attenuation. The width of the first band gap for the case 

with uncoated inclusions (Figure 3b) was 9.733 Hz, and for the case with coated inclusions 

(Figure 3c), 4.477 Hz. Although these band widths are smaller, they occur at lower 

frequencies compared to the reference case (Figure 3a). Notably, the configuration with 

uncoated inclusions demonstrated superior performance and covered a broader frequency 

range for vibration attenuation compared to the other cases. 

In conclusion, the results indicate that the optimization of the arrangement and material 

properties can lead to an improvement in the formation of band gaps. Furthermore, it is 

suggested that future research should focus on exploring innovative configurations for the 

development of metamaterial structures. 
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