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ABSTRACT

The present work was carried out with the objective of implementing the boundary element
method in a free tool with good applicability within the general field of engineering, highlight-
ing the study of potential flows. For this purpose, Python was chosen for meeting the necessary
requirements and for being the most widely used programming language in the world today. The
procedure for formulating the method was conducted straightforwardly to present the proposed
problem and to emphasize the case arising from the solution, namely the singularity. Compar-
isons were made regarding the program’s processing time and the solution’s convergence as a
function of the mesh used. Within the addressed topic, the advantages and disadvantages of the
chosen tool were highlighted, demonstrating its relevance for innovation in a field of study that
is still little explored but has great potential for expansion into various applications.
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INTRODUCTION

Computational analysis is, nowadays, well established in various fields, especially in engineer-
ing, due to cost and time reduction, which makes the so-called domain methods essential for
solving structural, heat transfer, fluid dynamics problems, etc. The boundary element method
(BEM) is one of the most recently developed methods, with its first classical theory of integral
equations studied by the mathematician Fredholm (1903), and later, Rizzo (1967) presented the
first direct formulation for integral equations. This method is still not as consolidated when
compared to, for example, the finite element method (FEM), which includes some commercial
tools. However, FEM requires high computational capacity since it solves the problem over the
entire domain, while in BEM the discretization is done only along the boundary. This type of
approach significantly reduces computational cost and also offers ease of modeling for infinite
domains and when modifying the problem mesh.

However, the application of BEM requires the establishment of the integral representation of the

solution, in order to deal only with linear problems whose solution can be determined. Prob-
lems related to potential fluid flows, heat transfer, and torsion can have their solutions developed
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through the Laplace equation. Therefore, the application of the boundary element method be-
comes very feasible, with the treatment carried out through a boundary integral equation derived
from the governing equation of the problem. The representation of a typical flow is shown in
Figure 1.

Figure 1: Potential flow of fluid over an elliptical body.

MATERIALS AND METHODS

The development is carried out based on the Laplace equation, Eq. (1), which describes the
potential problem. The solution is developed for the values of ¢ and d¢/9n, with the procedure
resulting in unknowns located only on the boundary.
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Using the Galerkin method, a function ¢*, which is an approximation of the solution, is multi-
plied on both sides of Eq. (1), and the integration is performed over the domain 2.
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Performing the integration by parts twice, Gauss’s Theorem is used in order to obtain:
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With the transfer property, which makes the integration of the product of the Dirac delta, applied
to Eq. (2), and another arbitrary function produce the value of the function at the so-called pole,
which is the point X; = (x¢, yo) (for more details, see SANTANA, 2021), the development is
carried out in order to obtain:
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The form applied to the set of established functions provides a system that allows the deter-
mination of the unknown values within it, so that the boundary values of the problem become
known. Shape functions, as in other methods, are used to improve the discretization of the el-
ements, and simplification can be made using constant elements. The fundamental solution for
¢* is shown in Eq. (5), as well as its derivative d¢*/0n in Eq. (6).
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Where,
r=/(zc—x0) + (Yo — Y0)? )

It’s worth mentioning that the singularity treated through numerical integration tends toward
a linearity of the solution, provided that the approximation is made at an appropriate level,
bringing results that are consistent with the imposed theory. The tendency of the solution can
be seen in the representation shown in Figure 2.
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Figure 2: Fundamental solution 1/27 In(1/r).



RESULTS AND DISCUSSION

From the Python implementation, it’ s possible to analyze the convergence process of the so-
lution based on the number of Gauss points used for numerical integration. The comparison
between the graphs formed by the number of points used and the value of the solution as a
function of the number of divisions by element is shown in Figure 3.
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Figure 3: Solution for different number of Gauss points.

A comparison regarding the program’s processing time is necessary to highlight the pros and
cons of using Python. The curve shown in Figure 4 emphasizes the importance of program op-
timization, since compared to software like MATLAB, which is entirely dedicated to numerical
calculations, Python still shows a certain disadvantage in this aspect. On the other hand, with
better use of its functions, Python’s interactivity and ease of use can be considered some of its
positive points.
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Figure 4: Processing analysis: Python vs MATLAB.

For an application subject to zero flow conditions on the walls of the geometry and unitary
flow, a section similar to that of a diffuser was simulated, making it possible to evaluate the
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gradient generated within it, with the representation of internal points distributed throughout
the geometry, as shown in Figure 5.
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Figure 5: Speed gradient in geometry with section change.

CONCLUSIONS

The computational implementation of methods such as BEM should be approached in a way
that correctly utilizes the tools provided — in this case, by Python — which offers a wide range
of features, such as a dynamic interface and access to libraries for analyzing the results obtained.
The proposed procedure, considering all the aspects discussed, proves to be effective and pro-
vides a well-structured foundation for future optimizations. From the present work, the study of
two-dimensional potential flows can be further developed, opening possibilities for expansion
into structural applications related to torsion in two-dimensional and three-dimensional beams.
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